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derived by using various other approaches; however, the ob-

jective of this section is to show the simplicity of applying the

new approach to simple rotation about an arbitrary axis.
The remainder of this Note presents an application of this

approach to the derivation of the transformation matrices of

the space-axis rotation.

Space-Axis Rotation

The space-axis and body-axis rotations are defined here as a
successive rotation about the space-fixed axes and body-fixed
axes, respectively. A very interesting relationship between
these different schemes of successive rotations has been
discussed in Ref. 1. For example, if B is subjected successively
to 4,, &,, and &, rotations of amounts 6,, 6,, and 8,, respec-
tively, then one can achieve the same orientation by successive
b,, b,, and b, rotations of amounts 65, 0,, and §,, respec-
tively. This Note shows that using the approach presented in
Eq. (1) will naturally results in such an intimate relationship
between the space-axis and body-axis rotations, without re-
quiring explicit determinations of those intermediate matrices
given in Ref.1. ,

Consider a space-axis rotation in the sequence 0,d,, 6,4d,,
and 6;d, (6,d, means an &, rotation of amount 8,). The total
transformation matrix can be defined as

AcBéAcﬁ Bcﬁ EcB 6)

To deal with the &, rotation, let

T o o
. ACBAC,(0,) where C,(8,)2 | 0 cost, —sind | (7)
0 sinf, cosf,

Next, to construct a matrix BCP that characterizes the &, rota-
tion with the amount 6,, let us use the approach discussed in
the previous section:

BCB_BeaA C,(8,) AcCB
where
cosf, O sinf,

G ()2 0 1 0 ®)
—sinf, 0 cosf,

Combining Eqgs. (7) and (8), we get
ACB=ACB[BCA (,(6,) ACRI=C,(0,)C(6) (9

~
a, ~

Fig. 1 Geometry of' coordinate transformation and Euler’s principal
rotation.
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Similarly, for the d, rotation,we have
BB _BA A(B
where ¢ G (fs) ¢
cosfl, —sinf; O
C3 ()2 | sind, cosd; 0 (10)
0 0 1

Finally, the total transformation matrix becomes
ACB=ACB[B CA C,(0,) ACB] =C;(05)C,(6,)C, (0,) - (11)

It can then be noticed that the total transformation matrix
represented as Eq. (11) is, indeed, the transformation matrix
for the successive b;, b,, and b, rotations of 6, 6,, and 6,,
respectively. Thus, the total transformation matrix due to the
space-axis rotation (successive 0,d,, 0,4,, and 8;d; rotations)
is identical to the transformation matrix due to the body-axis
rotation in the sequence of 6,8;, 6,5,, and 6,5,.

Although the total transformation matrix for the space-axis
rotation has a simple form as Eq. (11), each intermediate
transformation matrix is rather complicated as can be seen
from Egs. (8) and (10). However, the approach used here does
not require an explicit determination of those intermediate
matrices [e.g., see Egs. (49) and (52) on p. 36 of Ref. (1)] to-
find the total transformation matrix. Indeed, an intimate rela-
tionship between two different rotation schemes has been ob-
tained rather directly.

Conclusion

A new approach to the derivation of the coordinate
transformation matrix for the space-axis rotation has been
presented. The use of this approach has naturally resulted in
an interesting relationship between the space-axis and body-
axis rotations. This approach has also shown its simplicity for
parameterizing the direction cosine matrix of the general rota-
tion about an  arbitrary axis. However, the practical
significance of using the space-axis rotation instead of the
commonly used body-axis rotation needs further study.
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Introduction

HIS Note presents a closed-form solution of the equa-
tions of motion of an ideal missile pursuing a non-
maneuvering target according to a class of guidance laws cur-
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rently used and studied in homing missile design. The capture F(6) and g(8) as
area, missile acceleration, and homing time duration are de-
rived in a general form. As examples, the closed-form solu- F(0)=—K[f (8)—g(®)]
tions of several guidance laws are obtained to demonstrate the :
effectiveness of the method presented here. L GB)Y=—K[f(0)+g" (8)]
The closed-form- solution of true proportional navigation :
(TPN) was first derived by Guelman! and generalized by Yang The constant X is introduced to make f(8) and g(6) dimen-
et al.2 The work of Merrill led to a general concept of propor- sionless. By these substitutions we have
tional navigation that can be described as follows. The general ’
idea of the proportional navigation law for a homing missile is V= V,=—KILf'(8)—g(9)] (7a)
to turn the heading of the missile toward some desired direc- .
tion as rapidly as possible by commanding missile accelera- Vi+V,=—K{f(0)+g" (8)] ' (7b)
tions that are proportional to the angular rate of such direc-
tion. Such a direction may be simply the line of sight,* the Note that Eqs. (7) can also be regarded as the equations of mo-
missile collision course,? or any other appropriate direction. tion of an ideal missile pursuing a nonmanuevering target with
In general, these heading directions may be expressed by the missile acceleration described by Eq. (2). The solution of
Egs. (7) with the initial conditions given by V,(6,)= V,O and
L=f(r,0)e,+g(r,0)e )] Vy(8o) = V4, can be obtained immediately as
where r is the relative distance, @ the aspect angle, and e, and —V,=Rcos(8—6,+a)+Kf(0) (8a)
€, the unit vectors along and perpendicular to the line of sight
(LOS), respectively. For reasons to become clear later, we Vs=Rsin(0~6, +a) —Kg(h) 8b)
assume F and G are functions of @ only; thus the missile ac- :
celeration command becomes where
a,=L R=\/[V,0 +Kf(6,)1% + [V, +Kg(64)1%
=K[f" () —g(6)16e,+K[f(0) +g’ (8)]0e, #)) tan(&)— Kg(0p)+V,
where K is the proportionality constant and overdots denote Kf(Go)+ Vio .

the diffe.r entia?ion with respect to time ¢ and pri-mes the di.f' Without loss of generality, we choose 6, =« in the following '
ferentiation WIt.h 'respec‘t to 0 In the qext section, we will discussion. The hodograph is determined by eliminating ¢ be-
calculate the missile trajectories by solving the equations of

X . . . ! tween Egs. (8a) and (8b).
motion with the missile acceleration given by Eq. (2) and ex-
press capture area, homing time duration, and missile ac-
celeration commanded in terms of f(6) and g(8).

For the missile to intercept the target with a finite accelera-

tion and with a finite time of duration, we must have § < oo

and r=0, r<0 at the end of pursuit, i.e., V,(6;)=0 and
—— V,(6f) <0. By means of Egs. (8), these conditions are reduced

to the f ,
Closed-Form Solution © the torm

Let ¥V denote the target velocity relative to the interceptor. Rsin(8;) —Kg(8;) =0 92)
In the polar coordinate system (7,#) with the origin fixed at the ‘
interceptor, V is expressed as Rcos(6,) +Kf(6,) <0 (9b)
V=V,e + Vye,=re + rfe, 3) where 6, is the aspect angle at the end of pursuit. By
substituting for 6, determined from Eq. (9a) in Eq. (9b), we
From elementary kinematics, we have can determine the range of initial conditions for V, and V,

within which the interception can be completed. The inequaol-

arv ity thus obtained from Eq. (9b) defines the so-called capture

a4 m B @ area. For.a powerful guidance law, the capture area must bg
large, which poses restrictions on the choice of f(6) and g(8).
where a, is the target acceleration. A general analytical solu- ‘ Def.ine the angular momentum per unit mass for-the relative
tion of Eq. (4) seems impossible; however, if a,—a,, can be coordinate system to be
approximated by the functional expression,
h=rV, (10)
a,—a,, =F(9)0e, +G(0)0e 5
Lo (0)e, ’ ® Then Eq. (7b) can be rewritten as
the closed-form solution will exist. This relation is always —~Kh[f(0)+g’ (0)1
satisfied for the case where the missile acceleration is given by r= dn/dr

Eq. (2) and the target is nonmaneuvering. This allows us to
evaluate analytically the performance of the various guidance
laws characterized by Egs. (1) and (2). Substituting a,—a,,
and ¥ from Egs. (5) and (3), respectively, into Eq. (4), we have

Differentiating both sides of the above equation with respect
to ¢ and using Egs. (9), we have the following important rela-
tion between A4 and 6: ’

V.= Vif=F(0)f (62) dh_ O+ O an
Vy+V,6=G(6)8 (6b) h R sin(8) —Kg(6)
To obtain the solution of this set of nonlinear equations, we The integration of Eq. (11) gives

change the independent variable from f to aspect angle  and
introduce new functions g(#) and f(8), which are related to h=hgexp[ —®(8)] (12)
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Fig. 2 Missile acceleration vs aspect angle for various values of 2.

where & (0) is defined by

o fe) e (#)
2= Soo * R sin(e) ke (@) 7

Note that if f(8) and g(@) are trigonometric functions' of 9,
then & (0) can always be expressed by elementary or el!1pt1ca1
functions. Once 4 has been obtained, one can determine the

missile acceleration. From Eq. (10), we get the LOS angular

rate

=00 =-h1—[R sin(8) —kg(0) 1%exp[2(6)] (13)
0

h
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Substituting this into Eq. (2); we have an expression for
missile acceleration as a function of 6. From Eq. (13), it can be
seen that @ is monotonically increasing or decreasing (depend-
ing on the sign of #,) function of ¢. This also justifies the use
of 8 as an independent variable.

The relative distance r is found to be

r=h/Vy=hy[Rsin(6)—kg(0)] ~lexp[ —®(8)] (14)

and the duration of the pursuit can be obtained from the in-
tegration of Eq. (14). This leads to

[}
t,=h0§00’ [Rsin(6) —kg(9)] 2exp[ ~&($)1ds  (15)

where 0, is determined from Eq. (9a).

These explicit expressions for capture area, missile accelera-
tion, and homing time duration are quite useful in the selec-
tion of guidance laws. Regardless of how f(#) and g(8) are
chosen, these relations allow us to evaluate the performance of
the missile immediately.

Examples

Three special forms of g(#) and f(#) have appeared in the
literature, namely,
1) True proportional navigation law*

f(o)y=1,
2) Generalized proportional navigation law!

J(0)=cos(y),

g(8)=0 (16)

g(6) = sin(y) a7

where y is a constant angle between the missile acceleration

‘and the direction normal to the LOS. When ¢ = 0, this reduces

to casel. :

3) Prediction guidance law (PRG).> The main idea of PRG
is to predict -a straight-line collision course and to turn the
heading of the missile toward a collision course as rapidly as
possible. In the case having a nonmaneuvering target and a
constant ratio of missile speed to target speed, this missile col-
lision course can be predicted a priori. It can be shown that

f(6) = [Vn* —sin®(6) —cos(6) 19, £(0)=0 (18)

where the direction of target velocity is used as the reference
line and # is the missile-to-target speed ratio. If we let % ap-
proach infinity, PRG again reduces to TPN. The closed-form
solution of case 1 was first derived by Guelman' and
generalized in Ref. 2, where case 2 was studied and the results
showed that, under certain conditions, the GPN has a larger
capture area and a shorter interception time than TPN. For
the case 3, a numerical simulation was given in Ref. 5 and the
advantages of PRG were indicated. Based on the present
closed-form study, further remarkable properties of PRG are
revealed. The corresponding function ®(8) for PRG can be
found from Eq. (11) as

X, 1—92/(n+1)2/2()
2R 1 1-9*/(n—1)’£2(0)

®(0) =£ﬂn 1£(0) sin(9)1+
7R
19

where f(9) is defined in Eq. (18).

By substituting these functions in Eqgs. (13-15), the missile
acceleration, relative distance, and homing time duration can
be found immediately. In the following, we will give some
results for PRG; refer to Refs. 1 and 2 for detailed discussions
for the closed-form solutions of TPN and GPN.



JULY-AUGUST 1987

The capture area of PRG is given by Eq. (10) as

[M(60) — 117+ (1/C) <N (1 +1/9)? 20
where A= ~K/V, and C= IV, /¥, |.

This is depicted in Fig. 1. The capture area of the missile is
restricted to the right side of each curve representing different
values of 5. It can be seen that the larger y is, the smaller the
capture area will be and that TPN (yp— o) has the smallest
capture area. Notice that in proportional navigation ¢ is in-
deed not a constant value and that here we may treat n as the
average missile-to-target speed ratio or merely as a design
parameter. For commanded missile acceleration, we prefer the
PRG. It can be seen from Fig. 2 that missile acceleration
becomes larger as y increases. Finally, the homing time dura-
tion obtained from Eq. (15) shows that it approaches a con-
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stant as y increases without bound. We then conclude that, for
a proper choice of 5 (neither too small nor too large), PRG is
superior to TPN, at least with respect to the factors considered
above.
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